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Let H = --d + V, where the potential V is spherically symmetric and can 
be decomposed as a sum of a short-range and a long-range term, V(r) = 
l’s(r) + VL(r). Assume that for some r, , VL(r) E Cak(rO , co) and that there 
exist p > 0, 6 > 0, such that (d/dr)jVL(r) = O(r-r-j*) as r --* to, 1 < j < 2k. 
Assume further that min(2kp, (2k - 1)6 + c() > 1. Under this weak decay 
condition on Vr(r) it is shown in this paper that the positive spectrum of H is 
absolutely continuous and that the absolutely continuous part of H is unitarily 
equivalent to -A, provided that the singularity of V at 0 is properly restricted. 
In particular, some oscillation of V,(r) at infinity is allowed. 
I. INTRODUCTION 
We shall consider the problem of the absolute continuity of the essential 
spectrum of a Schrijdinger operator on R”, 
H=--d+v, (1.1) 
where Z’ is a real spherically symmetric potential which can be decomposed as 
the sum of a “short-range” and a “long-range” term, 
V(r) = Vs(r) + VL@), Y=IXI, (1.2) 
such that the following assumptions are fulfilled: 
(VI) wkGoc(O, =)I, I v,(r)1 + I v&l -r+rJ 0. 
(V2) V,(l) EWCI , 00) for ~a sufficiently large. 
(V3) V(Y) = O(r”+$ E > 0, as Y +o. 
(V3’) Ji V(r)2 r”-l dr < 00 ((V3’) follows from (V3) for rr 2 4). 
(V4) There exist a positive integer K and positive numbers TV, 8 such that 
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(i) FL(r) E Czi(rO, cc), 
(ii) min(2&, p + (2k - 1)s) > 1, 
(iii) (&/dri) V,(r) = O(r-u-js) as Y 4 00, 1 < j < 2k. 
In what follows we shall find it convenient to introduce the notation 
hi = min(&, p + (i - 1)6), j = 1, 2,... . (1.3) 
As noted in [l], the above assumptions guarantee the relative compactness 
of the multiplication operator V with respect to --d. The unique self-adjoint 
extension of HiCorn is denoted again by 25. By the relative compactness of 
b-, the essential spectrum of H is the same as that of --d, namely, [0, co). In 
this paper we prove the absolute continuity of the essential spectrum. 
Our decay condition (174) is considerably weaker than those imposed by other 
authors insofar as absolute continuity is concerned (see [5, 6, 9, 10, 15, 161). 
We note that it can be relaxed somewhat further by assuming integrability 
only for the last derivative of VL(r). 
In particular, let V,(Y) be given by 
The case OL = /3 = 1 corresponds to the adiabatic oscillator studied by von 
Neumann and Wigner [14]. Potentials of this type have been studied recently 
by Ben-Artzi and Devinatz [l], Dollard and Friedman [3], Harris and Lutz [7], 
Mochizuki and Uchiyama [8], Rejto [ll], Schechter [f2], Simon [13], and others. 
In these papers various results about the asymptotic behavior of eigenftinctions 
at infinity, the structure of the essential spectrum, and the existence and comple- 
teness of the Moller wave-operators have been obtained. The absolute continuity 
of the essential spectrum has been established ,[I] for 
2/3+a>2 or 2p--(Y>o (1.5) 
(with the possible existence of one eigenvalue if 01 = l), and by Rejto [ll] for 
O<ol<l, p + 3jl - IX) > 0. (1.6) 
Obviously, conditions (1.5) and (1.6) are not contained in each other. ,It is also 
clear that our assumption (V4) is satisfied under the sole requirement that a < 1. 
Thus our results provide a relaxation of (1.6). 
By the spherical symmetry of our potential, H is unitarily equivalent to the 
direct sum of ordinary differential operators in L2(R+) (R+ = (0, co)) having 
the form 
(1.7) 
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(vj are the eigenvalues of the Laplace-Beltrami operator. Also, for some values of 
j, n, an additional boundary condition at 0 is needed in order to define Hi as a 
self-adjoint operator [l].) T o p rove absolute continuity for H, it suffices to estab- 
lish this property for all Hi (on R+). Our method is based on obtaining asymptotic 
estimates for the solutions of Hju = ZU, z complex (Section 2) and their imple- 
mentation in the construction of the resolvent kernel (Section 3). The structure 
of the spectrum is then studied via the behavior of the “boundary values” of 
the resolvent kernel on the real axis. Also, we show that Ha, is unitarily equi- 
valent to --d, provided that the singularity of v near r = 0 is further restricted. 
In the second part of this paper we shall study the case in which V, does not 
approach a limit at infinity. 
II. AN ASYMPTOTIC LEMMA 
In this section we establish some asymptotic~properties of solutions of 
( - $ + VL(T) + Q(r)) u = .a. (2-l) 
Here Q(Y) is a “short-range” term which satisfies assumption (V2). The 
parameter z varies in Q+(1), where I C R+ is a compact interval and 
Q+(I) = {x/Re z E I, 0 ‘< Im z < r}. (2.2) 
In what follows Y,, denotes a sufficiently large number, independent of z E Q+(I), 
to be selected in the process of the proof. 
LEMMA. There exists a function a(r, z), continuous on [r. , co) x Q+(I), such 
thut: 
(i) a(r, z) = O(Y+) as r -+ 00 (h, as in (1.3)). 
(ii) a(r, x) is real for real z. 
(iii) Equation (2.1) has a sqlution,p(r, z), continuous on R+ x Q+(1), which 
satisfies 
v(r, ~4 = exp (f-q1 + a(& z))(z - sly ds) * (1 + O(1)) 
cl 
g p)(r, z) = izl’yo(r, z)( 1 + O( 1)) (2.3) 
as Y -+ co, uniformly for z E i?(I). Here we take Im z1J2 > 0. 
Proof. Define a change of variable by 
p = 2vr. 
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As Y ranges over (rO , co), to traces out a curve C,(a) in the complex plane. 
Equation (2.1) is then transformed into 
[- (3 p+ 2 
~dt”/~““) + QG?W2) 
I 
u = u. 
2 (2.4) 
Note that the differentiation d/&JO is performed in the direction of C,(s). 
Let 
~LWW 
POW = 2 9 
Q(5”W’“) 
40(5O) = 2 I ~“(50) = 43. (2.5) 
We now define a sequence of transformations, for j = l,..., k, using the proce- 
dure 
I 
p 
5j= (1 - Pr-1W’” 4 (2.6) 
Pi-’ 
((2.14) below shows that piml(7/) -+ 0), where &’ = [j-l(~s , z) and the integral 
is taken along Cj-i(Z). We denote by C,(z) the curve traced out by ej(., z) and 
regard [i as a function of (Y, z) on [to , 00) x e(l). 
With respect to the new variable si, Eq. (2.4) takes the form 
with 
[ - (-$J + B,‘(p) -$ + Bj2(P)] ld-‘(55) =u5-‘(55) (2.7) 
P;-l(P-‘) 
B5Yr) = - d&l * (1 - p,&l),l/s = ; ((I _ pj-l(p-l))l/")" 
45-I( k5-‘) 
(2.8) 
ww = 1 _ &4~5-1) . 
We need also a definition of uj(sj), pj(P), and qj(tJ5). This is done as follows: 
uj( 55) = &1((j) exp - ( (2.9 
(2.10) 
(2.11) 
It is now easily seen that uj(r) satisfies the equation 
(2.12) 
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Finally, we write (2.6) in the form 
j-1 
dp = 9 n (1 - Pc([e))llz . dr. 
We now state the following estimates for the coefficients pj , qj 
(2.13) 
( ) + ‘pj(p) =O(y-A2f+z) as r-+00, (2.14) 
OSi<k, O<z<@-j), uniformly for 2 E P(1). 
Let E > 0 be given. There exists rs such that 
1 ImPj(5‘1)1 < E Im Z1i2, Y > Y’o , z E Q+(l). (2.15) 
There exists a positive function g(r) ~Lr(r,, , 00) such that 
qj(P) 1 g 1 d g(r), 0 < j < k, Y > ~0 , s E Q+(I). (2.16) 
Indeed, (2.14) follows from assumption (V4) and (2.8), (2.10) by an induction 
argument. 
Inequality (2.15) follows from V,(r) -+ 0 as Y -+ co, assumption (V4), (2.8), 
(2.10) and the fact that for y small enough (2.2) 
1 
I I 
Im zk < C Im $I2 2 E Q+(I). 
Inequality (2.16) follows from (2.8), (2.11), and (2.13) together with the facta 
that p, + 0 and Q(r) EL’(Y~ , 00) by assumption (V2). 
Now, relation (2.13) can be written as 
dfj j-1 
-= 
dr tz - vL(r)y2 n (1 - P&C))“2. C=l 
Expanding (1 - pl([z))112 in powers of pr([“) and taking estimates (2.14), 
(2.15) into account, as well as the fact that for z E Q+(1), Im(,z - vt(r))ll’J >, 
4 Im(z)1/2, (r > yo), we conclude that 
where Im A,(r, z) 2 c Im(z)lls, (c > 0) and B,(r, I) is uniformly (in z E m(1)) 
majorized by an L1 function. Hence we conclude that for yl > r, > Y, and 
O<j<k 
rm(P(r, , 2) - P(r2 , z)) >, c, 
where C is a constant independent of I E 52+(I). 
(2.17) 
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We now turn to Eq. (2.12) with J’ = K. Using estimates (2.14), (2.16) and 
assumption (V4)(ii) we see that both ~~(5”) and arc(t”) are majorized by an L1 
function, i.e., there exists a positive function g(r) EL~(Y~ , co), such that 
(I Pk(4Y + I 4k(4k”)l) * I$; / < g(y)* y 2 yo 1 z E Q+(I). (2.18) 
Following a well-known technique (see [2]) we write (2.12) as a first-order 
system 
WI = ( 0 1 --I b(p) wv ) (2.19) 
where 
et”) = PkEk) + 4,&c”) and w = Uk(5”) ( 1 6c(5”) * 
Diagonalizing (2.19) we get (retaining the same notation for w) 
w’ = ((6 -;, + R(P)) w = (A + Wk))W, (2.20) 
where, by (2.18), 
Let B be the Banach space of vector functions f(r, Z) continuous on [r. , co) x 
@-(I) and normed by 
I/ f(r, z)ll = sup I e-iBk(r*Z\f(r, z)\ 
zsP+(I) 
r&T<,= 
(2.22) 
and let T be the transformation defined by 
G”.f)(y~ 4 = 6 exp[(t”(y, 4 - tk(s, z)Y] W”(s, z))f(s, z) g ds. 
It is an easy matter to check, using (2.17), (2.21), that T is a bounded operator 
on B and, moreover, if r. is sufficiently large, 
II TII -==I 4. (2.23) 
Thus I + T is invertible and there exists a unique solution in B to the integral 
equation 
y = e”Ek(r.z) l 
0 0 - TY, 
(2.24) 
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which is also a solution to (2.20). Furthermore, by (2.17), (2.21), it follows 
that, for every x E B, 
1’ ;+2 e-f-y TX)@, z) = 0 uniformly in z E Q+(I). 
Hence, by (2.24), 
(2.25) 
Going back to Eq. (2.12), we have a solution u”(p) such that 
u”(p) = @(l + O(l)), +uyp, = @(l + O(1)). (2.26) 
We now trace ~“(6”) back to a solution of (2.1). By (2.9) the solution u has 
been modified by a factor of the form 
But, denoting the variable along Cj by 7j and using (2.6), (2.8), we have 
J” W(79 d7j = IEjml 1 _ pj&-l) 7 
C’ p;-l(7+‘) d j-1 
Eoj 0 
= -[log( 1 - pj-l(7j-‘))]$: - log( 1 - p&-l)). 
Hence, the solution T(T, x) of (2.1) which corresponds to u”([“) is given by 
qJ(r, 4 = uk(P(r, z)) * I”i (1 - pj-l(i?l(Y, z)))““. (2.27) 
j=l 
We note that, by estimates (2.14) 
fi (1 - p&?))“’ = 1 + a(r, z), 
i=l 
where a(r, z) satisfies requirements (i), (ii) of the lemma. Thus (2.13), (2.26), 
and (2.27) give the estimate for QJ in (2.3). To obtain the second estimate, we 
differentiate (2.27), using once again (2.13) and (2.26). Q.E.D. 
Remark. An inspection of the proof reveals that, in fact, all we need is the 
absolute integrability of pk($(r)) or B,l([“(v)). For k = 1, B,l is L1 under the 
assumption that V;(Y) ELM, which is the most common assumption for “long- 
range” potentials. 
505/3w-4 
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The requirement ~~(5’) ELM leads to 
1 I 5 v;(r) * 1 v;(r) - -- 1 3 z - V,(r)\ 16 ( V,(r) - z i 4 vL(r) _ z EWO a), 
which is the condition imposed in [9, 151. Obviously, the coefficients become 
more complicated for higher K, so that our assumption (V4) is a reasonable 
substitute. 
III. THE SPECTRUM OF H 
As noted in the Introduction, the essential spectrum of H is [0, co). In fact, 
we have the following: 
THEOREM 1. H is absolutely continuolcs over [0, co). 
Proof. Obviously, it suffices to prove that the theorem holds true for every 
Hi . 
For Im z # 0 let R,(z) = (Hi - z1)-r be the resolvent for Hj . For r, 
s E (0, co), let Kj(r, s; z) be the resolvent kernel for Hj , i.e., 
R,(z) f (r) = j-“= Kj(r, s; z) f (s) ds, f EL2(0, co). 
There is a well-known formula which connects the spectral measure 
with its resolvent, given by (see [4, p. 12021) 
of Hi 
ZQY, s; p + k) u(s) uids dr dp. 
This implies that Hi is absolutely continuous over I C R+ provided that 
Kj(r, s; z) can be extended continuously to Rf x Rf x Q+(Z). 
We now quote Lemma 3.3 of [l]: 
Equation (2.1) (corresponding to Hj) has a solution T(Y, z), continuous in 
Rf x p(Z), which is square-integrable near Y = 0 and satisfies the boundary 
condition defining Hj , if one is needed. Moreover, q(r, z) is real for real z. We 
note also that the solution p)(r, z) obtained in the lemma above is square- 
integrable (and, in fact, exponentially decaying) near infinity. These facts plus 
the remarks in [I, Sect. 41 imply that (see [4, Sect. X111.31) 
dr, 4 ds, 4 s < r 
WI s; 4 = wz(cp, ?) 1 
zEQ+(Z), Imz # 0 (3.1) 
= rl(r, 4 ds, 4 s > y 
w,(% rl) 
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Here W,(~, q) is the Wronskian of I, 7, which depends only on a. 
Since we know that C+I(T, z), T(Y, z) and their first derivatives can be extended 
continuously for z E I, we will be done if we can show that 
W,(P,(Y, 2), 7l(y, 4) # 0, ZEI. (3.2) 
Suppose, to the contrary, that there exists a h, E I so that W(cp(~, A,,), 7(1,&J) = 
0. This implies that there exists a non-zero [ so that 
rl(y9 ho) = My, /\o) = g(r)- 
As we noted W( g, g) is independent of Y. Moreover, since T(Y, h,) is real it 
follows that W( g, g) = B’(T, 7) = 0. On the other hand, using our asymptotic 
lemma, 
Q5 a = ww9 Al), 4xy* 43)) 
= I f I2 FJIJ Wdr, U, v(r, &J) = -2% I 5 RAP # 0, 
a contradiction which establishes (3.2) and completes the proof of the theorem. 
Q.E.D. 
Theorem 1 implies that HBc , the absolutely continuous part of H, is equal 
to the restriction of H to [0, co). By further restricting the singularity of V at 
Y = 0 we get more than that: 
THEOREM 2. In addition to (Vl)-(V4) assume further that V(Y) = O(Y-~/~+~) 
as Y -+ 0, E > 0. Then the operator Hat is unitayily equivalent to -A. 
Proof. The proof is exactly the same as that of Theorem 4.8 in [l] and will 
not be repeated here. 
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